JOURNAL OF GUIDANCE, CONTROL, AND DYNAMICS
Vol. 40, No. 5, May 2017

Engineering Notes
Simplified Conjugate Point Procedure

where θ is the heading angle (the control variable). The terminal
constraint is the unit circle:
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III.
Introduction

First-Order Necessary Conditions

To apply the first-order NC [1], the Hamiltonian function is
defined as

I

N OPTIMAL control problems satisfying first-order necessary
conditions (NCs) (for example, in Bryson and Ho [1]), is typically
used to determine an optimal solution. But a solution to the first-order
NC is not an optimal solution if it contains a conjugate point, because
that violates the second-order Jacobi NC and there exists a
neighboring solution of lower cost. In the past, testing for a conjugate
point was usually not done because of the difficulty in doing so.
Because of this, some conjugate points may have been overlooked,
resulting in nonoptimal solutions. In this Note, a relatively new
simplified procedure to test for a conjugate point is illustrated on a
simple example problem.
A classical geometrical example of a conjugate point occurs in
the problem of the minimum-distance path between two points on a
sphere. A great circle connecting the points satisfies the first-order
NC, but a conjugate point exists at a point diametrically opposite
the initial point. A solution containing this conjugate point is not
minimizing and there exists a neighboring path that is shorter
(lower cost). In Jo and Prussing [2], a continuous-thrust trajectory
in the two-body problem is presented that satisfies all the firstorder NCs, but contains a conjugate point, and is therefore
nonoptimal. A neighboring solution is determined that has a 14%
lower cost.
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Next,
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indicating a constant λt, which implies a constant heading angle θ.
The boundary condition for Eq. (8) is
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The solution to Eq. (2) for constant θ evaluated at the final time is
x1 tf   a  tf cos θ

(10a)

x2 tf   tf sin θ

(10b)

The equation of motion (for a unit vehicle speed) is
cos θ
sin θ

(6)

which yields

Analysis



(5)

Applying the first-order NC,

This Note presents a simple example of a conjugate point in the
two-dimensional problem of the minimum time path of a vehicle
moving at constant speed in the x1 –x2 plane from a point to a circle.
Using the notation of Bryson and Ho [1], for a time interval
0 ≤ t ≤ tf , the cost is defined to be J  ϕxtf ; tf   tf and the
initial point is defined in terms of the two state variables as a point on
the x1 axis:
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where L ≡ 0 in this example. An augmented terminal function is
defined as

∂H
 0T
λ_ T  −
∂x

II.

(3)

Consider the case in which 0 < a < 1 in Eq. (2) (i.e., the initial point is
inside the circle, but not at the origin).
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And for a constant θ, Eqs. (7–10b) yield
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x2 tf 
tf sin θ

x1 tf  a  tf cos θ

(11)

which implies that sin θ  0 for a ≠ 0. And thus the values of θ that
satisfy the NC are zero and π, for which x2 tf   0 and x1 tf   1
or −1, respectively.
Because the final time tf is unspecified, there is an additional
NC, Ω  dΦ∕dtf  Ltf   0, which can be calculated using
∂Φ∕∂tf  Htf   0  1  νx1 tf  cos θ, which yields ν  −1 for
both θ  0 and π.
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IV.

and

Second-Order Conditions

A procedure for applying second-order NCs and sufficient
conditions (SCs) is summarized and illustrated in Prussing and
Sandrik [3]. This analysis is based on earlier work by Wood [4,5] and
by Breakwell and Ho [6]. One second-order NC is the Legendre–
Clebsch condition Hθθ ≥ 0, and part of the SC is the convexity
condition, which is the strengthened Legendre–Clebsch condition
Hθθ > 0. From Eq. (4),
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H θθ  −λ1 cos θ − λ2 sin θ

(12)

and from Eq. (9) for θ  0, λ1  νx1 tf   −1; and for θ  π,
λ1  νx1 tf   1, and so H θθ is equal to one for both cases. Both
Legendre–Clebsch conditions are satisfied.
A second-order NC and another part of the SC is the Jacobi
no-conjugate-point condition. Part of the procedure for determining a
conjugate point is the terminal constraint nontangency condition
dψ∕dtf ≠ 0. Because ψ in Eq. (3) is not an explicit function of tf , the
derivative is calculated as
dψ
∂ψ
∂ψ
x_ t  
x_ t 

dtf ∂x1 tf  1 f
∂x2 tf  2 f
 x1 tf  cos θ  x2 tf  sin θ  1

Θtf ; tf   I4

(14)

where

P
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−A0

−A2
−AT1


(15)

and the 2 × 2 partitions in Eq. (15) depend on the equation of
motion Eq. (2), and the Hamiltonian of Eq. (4):
A0  H xx − H xθ H −1
θθ H θx

(16a)

A1  f x − f θ H−1
θθ H θx

(16b)

A2 

T
f θ H −1
θθ f θ

(16c)

In the example problem f x  02 (a 2 × 2 zero matrix) and
Hθx  02 , and so Ao  A1  02 . The matrix A2 is (using sin θ  0)


0 0
A2 
(17)
0 1
for both θ  0 and π. Therefore, for the 4 × 4 P matrix in Eq. (15),
all the elements are zero except P24  −1 and the corresponding
4 × 4 transition matrix in Eq. (14) is

Θt; tf  

Θ11
Θ21

Θ12
Θ22


(18a)

where the 2 × 2 partitions are

Θ11  Θ22 

Θ21 

1 0
0 1

0 0
0 0


Θ12 

0
0
0 tf –t


(18d)

Finally, a conjugate point exists if a certain 2 × 2 matrix Xt is
singular, namely,
Xt  Θ11  Θ12 SF

(19)

Note that Xtf   I2 , based on the boundary condition in Eq. (14).
The matrix SF is given by Eq. (14) in [3] and is a complicated
expression, but in this simple example it reduces to SF  νI2  −I2 .
Evaluating Eq. (19) using Eqs. (18b) and (18d),
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0
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(20)

0 1  t − tf

and
(13)

for both θ  0 and θ  π.
For this example problem, there is a single terminal constraint,
and so the procedure is simpler than for multiple terminal
constraints [3]. One needs to determine a 4 × 4 transition matrix
Θt; tf  that satisfies
_ tf   PtΘt; tf ;
Θt;
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(18b)


(18c)

det Xt  1  t − tf

(21)

At this point, the two cases θ  0 and θ  π must be considered
separately.
1) For θ  0, x1 tf   1 and from Eq. (10a) tf  1 − a. From
Eq. (21), det Xt  0 for t  −a, but that is a negative value and is
outside the time interval [0, 1 − a] for this solution. Therefore, no
conjugate point exists for θ  0.
2) For θ  π, x1 tf   −1 and from Eq. (10a) tf  1  a. From
Eq. (21), det Xt  0 for t  a, which is the time that the vehicle
crosses the origin. Therefore, a conjugate point exists at the origin for
θ  π, the solution is not the minimum time solution, and there exists
a neighboring solution that requires less time.
Such a lower cost neighboring solution is obtained by simply
bypassing the origin and avoiding the conjugate point. Consider a
straight line path from the initial point to the terminal constraint with a
final time t^f Let x2 t^f  be a small positive number ε ratherp
than
zero.

Then, from Eq. (3), x21 t^f   1 − ε2 , that so x1 t^f   1 − ε2 
which is approximately 1 − 1=2ε2. The time t^f to get to this point
(which is equal to the distance traveled), is given by
1
t^2f  ε2  1  a − ε2
2

2

(22a)

which is approximately (small ε):
ε2  1  a2 − ε2 1  a  1  a2 − ε2 a < 1  a2

(22b)

Therefore, t^f < 1  a and is a smaller time than tf  1  a on the
stationary solution containing the conjugate point.
This example is very simple, but demonstrates the basic idea. The
procedure is more complicated when there are multiple terminal
constraints. Prussing and Sandrick [3] provide a concise summary of
the procedure for more complicated cases and show a more
complicated example problem.

V.

Conclusions

In this Note, a simplified procedure for determining conjugate
points is described and illustrated by a simple geometrical
example. Testing for conjugate points is important because a solution
satisfying all the first-order necessary conditions is nonoptimal if it
contains a conjugate point and there exists a neighboring solution of
lower cost. As shown by the example here, even a very simple problem
can have a conjugate point and whether one exists is not obvious at the
outset. An advantage in testing for a conjugate point is that, if none
exists, and the other SCs are satisfied, the solution is a local optimum.
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