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Consider the problem of minimizing L(x, u) subject to the n-dimensional constraint
equation:

f(x, u, c) = 00 (1)

where x is n-dimensional, u is m-dimensional, and c is a q-dimensional vector of con-
stants in the constraint equation.

The differential change in the vector f is:

df = fx dx + fu du + fc dc (2)

The matrix fc is an n × q Jacobian matrix. The first two terms in eqn (2) are what are
called "df" in Ref. 1, eqns. (1.2.4) and (1.4.3).

Considering differential changes in variables from their optimal values, one wishes
to hold the constraint f = 00 by requiring df = 00. This results in

dx = < fx
<1 (fu du + fc dc) (3)

Now,

dL = Lx dx + Lu du (4)

which is equal to

dL = (Lu < Lx fx
<1 fu) du < Lx fx

<1 fc dc (5)

From the NC that Hx = 00T , hhT = < Lx fx
<1, which, along with Hu = 00T yields:

Lu < Lx fx
<1 fu = 00T = £

¤
,L
,u

¥
¦f = 00

(6)

Substituting into eqn (5) yields:

dL = hhT fc dc (7)

and thus,
,L
,c

= hhT fc (8)
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should replace eqn. (1.4.9) of Ref. 1.

The gradient
,L
,c

is an 1 × q row vector. Each element represents the sensitivity of
the minimum value of the cost L to a change in the corresponding component of the vec-
tor c, i.e., the change in a particular constant in the constraint equation.
In component form,

dL = h j
, f j

,ck
dck (9)

or,

,L
,ck

= h j
, f j

,ck
(10)

Note that all values above are evaluated at the optimum.
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