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Technique for Escape from Geosynchronous
Transfer Orbit Using a Solar Sail
Victoria L. Coverstone¤ and John E. Prussing†
University of Illinois at Urbana–Champaign, Urbana, Illinois 61801
A technique for escaping the Earth using a solar sail is developed and numerically simulated. The spacecraft
is initially in a geosynchronous transfer orbit (GTO). A sail force control algorithm is derived that continuously
orients the sail in three dimensions to maximize the component of sail force along the velocity vector. This approach
maximizes the instantaneous rate of increase of the total orbital energy. Trajectories using this strategy are not
necessarily minimum-time solutions, but independent analysis has shown that for the realistic order of magnitude
of sail acceleration considered here, the solutions obtained are near-minimum-time trajectories. The equations of
motion for the trajectory are expressed in modi ed equinoctial orbital elements, which are well behaved as the
trajectory goes from elliptic to hyperbolic during escape. In this preliminary study a spherical gravity model for
the Earth is assumed. The gravitational perturbation of the sun is included but atmospheric drag and shadowing
effects of the Earth are neglected. No sail angle, sail angle rate, or minimum perigee radius constraints are included.
Numerical results con rm that escape does occur, with the escape time highly dependent on the sail acceleration
magnitude but relatively independent of the time of year of the deployment.

A

Introduction

The acceleration (force per unit mass) on a  at sail is given in
Ref. 1 as

N important recent publication on solar sailing is a book by
McInnes,1 which provides a large number of references on
the topic. The concept of solar sailing dates back to the 1920s in
the work of the Soviet pioneers in astronautics, Tsiolkovsky2;3 and
Tsander (Ref. 4, quoting from a 1924 report by the author). Following a dormant period, the subject received renewed interest in the
1950s and 1960s (Refs. 5–10). These publications were followed
by numerous studies from the 1970s up to the present.11¡38 The  rst
major mission design study of the concept was in 1976–1978 for a
proposed Halley’s comet rendezvous mission.19
This paper is a preliminary study of the feasibility of escaping
from Earth using a solar sail that is initially in a geosynchronous
transfer orbit (GTO). A spherical gravity model for the Earth is
assumed, and solar gravitational perturbation is included. Atmospheric drag and shadowing effects of the Earth are neglected. No
sail angle, sail angle rate, or minimum perigee radius constraintsare
included.
The concept of using a solar sail for Earth escape was investigated
in the 1960s by Sands7 and Fimple.8 In these analyses an initial circular orbit was used, and simplifying assumptions were made such
as a  xed direction of the sun and special initial inclinations. More
recent studies on escape include Uphoff,13 Sackett and Edelbaum,14
and Green.15

O 2 n D S0 .n T ®/
O 2n
S D .2W A=mc/.nT ®/

(1)

where W is the (constant) solar intensity at 1 astronauticalunit (AU)
from the sun, A is the sail area, c is the speed of light in a vacuum,
O is a unit vector in the
n is the unit vector normal to the sail, and ®
directionof the sun. The constant S0 is the characteristicacceleration
of the sail at 1 AU. The squared term in Eq. (1) represents the
variationin the sail accelerationaccordingto the squareof the cosine
of the angle between the sail normal and the direction of the sun.
For the ideal sail assumed, the sail force is normal to the sail, but
in a nonideal sail, this may not be true due to imperfect re ectivity
and sail billowing. In addition, a realistic sail can have a maximum
cone angle (the angle between the photon stream and the sail force)
of approximately 55 deg, rather than the 90 deg for an ideal sail.33
Also, the 6% variation in the magnitude of the solar  ux due to the
eccentricity of the Earth’s orbit is not included. Studies beyond this
preliminary analysis would need to include these and other effects.

Maximum Orbital Energy Rate
To escape the Earth, an ef cient method must be devised to increase the total orbital energy. The spacecraft equations of motion
are

Orbit Geometry and Solar Sail Acceleration

rP D v

The reference orbit plane is the ecliptic, and the coordinate axis
de nitions and geometry are shown in Fig. 1. The X Y Z axes are
sun-centered inertial axes with the X axis directed to the  rst point
in Aries, as shown. The ®¯ axes are Earth centeredand in the ecliptic
plane. These axes rotate with the apparent motion of the sun, so that
the ® axis is always directed from the Earth to the sun.

vP D gc .r/ C ¢

(2)
(3)

where r and v are the position and velocity vectors of the spacecraft relative to the center of the central body (Earth), gc .r/ is the
gravitational acceleration of the central body, and ¢ is the total
disturbing acceleration. In this study, the total disturbing acceleration is the sum of the solar sail acceleration S and the gravitational
perturbation of the third body (sun) g p :
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¢ D S C gp

(4)

The disturbing function for the third-body perturbation is given by
Battin.39
The orbital energy is given by E D 12 vT v C U .r/, where U .r/ is
the potential energy per unit mass for the gravitational  eld of the
central body. The time rate of change of the orbital energy is
@U
EP D vPT v C UP D vPT v C
rP
@r
628

(5)
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where the usual terminology applies: p is the semilatus rectum (parameter), a the semimajor axis, e the eccentricity, ! the argument
of periapse, Ä the longitude of ascending node, i the inclination, L
the true longitude, and º the true anomaly.
A convenient coordinate frame to express the components of the
disturbing acceleration is described by the local radial, tangential,
normal RT H coordinate frame unit vectors:

Fig. 1 Axis de nitions: XYZ are inertial, ®¯Z rotate with sun
direction.

When Eqs. (2) and (3) are used and because gcT D ¡@U =@r,
EP D . gc C ¢/ T v ¡ gcT v D ¢T v D ST v C gTp v

(6)

A simple control strategy to ef ciently increase the orbital energy
is to maximize the instantaneous rate of energy change in Eq. (6)
by orienting the sail to maximize ST v. The derivation of a control
law to realize this is given in the Appendix. To implement this control law, the sail must be continuously oriented to maximize the
component of the sail accelerationgiven in Eq. (1) along the instantaneous velocity vector at each point along the trajectory. Note that
this “greedy” method is not necessarilyequivalentto minimizing the
time to achieve a speci c  nal energy (such as escape) because the
performance index is a functional that depends on the entire trajectory and control history. However, the required sail orientation for
the greedy method is simpler to implement because it is based on
currentdata. Results of a recentstudy by Hartmann40 that determines
minimum-time solutions using direct transcription and collocation
indicate that for low sail accelerations of the magnitude in this paper (1 mm/s2 ¼ 10¡4 g), the trajectories using the greedy method
are near-minimum-time solutions. However, for large sail accelerations (10¡2 g), the actual minimum times are less. (This large sail
acceleration is unrealistic for Earth-orbiting solar sails, but it is applicable for orbits about a much smaller central body, such as an
asteroid, or about a libration point.) It is also true that having the
actual minimum-time trajectory may not be a critical issue because
propellant mass is not being consumed.
Sackett and Edelbaum14 and Green15 investigatedminimum-time
solar sail trajectories to achieve a speci ed energy increase. In
Ref. 14, a rapid rise in eccentricity is reported that can cause the
perigee radius to drop below the Earth’s surface. A similar effect
was evident in some of the solutions obtained in the current study.

Modi ed Equinoctial Orbital Elements
In the process of escapingthe Earth, the spacecrafttrajectorygoes
from an initial elliptic orbit (eccentricity e < 1), through parabolic
orbit (e D 1), to a hyperbolic orbit (e > 1). The standard set of
equinoctial orbital elements does not accommodate orbits with
e ¸ 1. To remedy this, a set of modi ed equinoctialorbital elements
is described by Betts41 based on a derivation by Walker et al.42
In terms of classical orbital elements the modi ed equinoctial
elements are41
2

rO ´ r=r

(13)

hO ´ .r £ v/=jr £ vj

(14)

tO ´ hO £ rO

(15)

The disturbing acceleration can then be expressed in the RT H coordinate frame as
¢ D 1r rO C 1t tO C 1h hO

(16)

The equations of motion in terms of the modi ed equinoctial elements are expressed in terms of auxiliary variables:

as

p

pP D .2 p=w/
fP D

p

w ´ 1 C f cos L C g sin L

(17)

r ´ p=w

(18)

s2 ´ 1 C h2 C k2

(19)

p=¹1t

(20)

p=¹f1r sin L C [.w C 1/ cos L C f ].1t =w/

¡ .h sin L ¡ k cos L/.g1h =w/g

gP D

p

(21)

p=¹f¡1r cos L C [.w C 1/ sin L C g].1t =w/

C .h sin L ¡ k cos L/. f 1h =w/g

hP D
kP D

p
p

¡

¯

¢

¡

¯

¢

(22)

p=¹ s 2 1h 2w cos L

(23)

p=¹ s 2 1h 2w sin L

(24)

p
p
LP D ¹p.w= p/2 C .1=w/ p=¹.h sin L ¡ k cos L/1h

(25)

Note that in Eqs. (20–25), when all of the disturbing acceleration
components are zero, the  rst  ve elements are constant and the
rate of change of the
psixth element (true longitude) is equal to the
angular momentum .¹p/ divided by the square of the radius[from
Eq. (18)], as it should be to conserve orbital angular momentum. In
Eq. (20), a typographicalerror in Ref. 41 is corrected. In Ref. 41, an
error in Ref. 42 is corrected, and this correction appears in Eq. (22).

Energy Increase Control Law
As derived in the Appendix, the components of the sail normal
vectorn in the ®¯ Z coordinateframe that maximize the orbit energy
rate [Eq. (6)] are related to the velocity components according to
Eqs. (A22) of the Appendix:

.q
n ® D ¡jv¯ j

¡

v¯2 C » 2 v¯2 C vz2

¢

(26a)

p D a.1 ¡ e /

(7)

f D e cos.! C Ä/

(8)

n ¯ D » n®

(26b)

g D e sin.! C Ä/

(9)

n z D .v z =v¯ /n ¯

(26c)

h D tan.i =2/ cos Ä

(10)

k D tan.i =2/ sin Ä

(11)

L DÄC!Cº

(12)

Equation (26c) indicates that the ratio of the optimal sail normal
components in the plane of sky of the sun (the ¯–Z plane) is equal to
the ratio of the correspondingvelocity components. In other words,
the optimal clock angle of the sail force is equal to the clock angle
of the velocity vector.1;11;22
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In Eq. (26a), the § sign in Eq. (A22a) has been selected to ensure
that n ® < 0, so that the sail force points away from the sun (Fig. 1).
The variable » in Eqs. (26a) and (26b) is de ned in Eq. (A16):

q
»D

¡3v® v¯ ¡ v¯

¡

¡

9v®2 C 8 v¯2 C vz2

4 v¯2 C vz2

¢

¢

(27)

where the choice of a § sign has been made so that the componentof
sail accelerationalong the velocityvectoris maximized,as discussed
in the Appendix. Equation (27) is equivalent to equations for the
optimal cone angle in Refs. 1, 11, and 22.
The components of the sail acceleration in the ®¯ Z frame are
obtained from Eq. (1) and the components of the sail normal vector
in Eqs. (26a– 26c) as

2

3

2 3

2 3

n®
gp
1®
2 4
4
5
5
4
¢ D 1¯ D S0 n ® n ¯ C 0 5
nz
1z
0

(28)

where the fact has been used that the gravitational perturbation of
the sun is in the ® direction.
To obtain the disturbing acceleration components in the RT H
frame of Eq. (16), one uses the expressions for the X Y Z Cartesian
components of the orbital radius and velocity vectors in terms of
modi ed equinoctial elements from Ref. 41:
r x D r[cos L.1 C ´2 / C 2hk sin L]=s 2

(29a)

r y D r[sin L.1 ¡ ´2 / C 2hk cos L]=s 2

(29b)

rz D 2r.h sin L ¡ k cos L/=s 2

(29c)

where s 2 is de ned in Eq. (19) and
´2 ´ h 2 ¡ k 2

(30)

The Cartesian velocity components are

p

vx D ¡ ¹= p[.sin L C g/.´ 2 C 1/ ¡ 2hk.cos L C f /]=s 2

(31a)

vy D ¡ ¹= p[.cos L C f /.´ 2 ¡ 1/ C 2hk.sin L C g/]=s 2

(31b)

vz D 2 ¹= p[h.cos L C f / C k.sin L C g/]=s 2

(31c)

p

p

The velocity componentsv® and v¯ in the rotating®¯ Z coordinate
frame are calculated from the Cartesian components vx and v y of
Eqs. (31a) and (31b) using

µ ¶
v®
v¯

µ

cos Ã .t /
D
¡sin Ã.t /

sin Ã .t /
cos Ã .t /

¶µ ¶
vx
vy

(32)

3) Calculate the sail normal unit vector components n ® , n ¯ , and
n z using Eqs. (26a– 26c).
4) Calculate the disturbing accelerationcomponents 1® , 1¯ , and
1 z using Eq. (28).
5) Calculate the Cartesian components of the disturbing acceleration 1x , 1 y , and 1 z using the inverse (equal to the transpose) of
the rotation matrix in Eq. (32) to yield
¢ D 1x iO C 1 y jO C 1 z kO

(34)

6) Calculate the Cartesian components of the unit vectors rO, tO, and
hO using Eqs. (29– 31) and the unit vector de nitions Eqs. (13– 15).
7) Calculate the RT H components of the disturbing acceleration
using ¢ from step 5 and the units vectors from step 6 as
1r D ¢T rO

(35a)

1t D ¢T tO

(35b)

1h D ¢T hO

(35c)

Numerical results are presented in the next section, and a derivation of the control algorithm is given in the Appendix. However,
some qualitative discussion is helpful about the geometry that maximizes the component of the sail acceleration along the velocity
vector. Figure 2 shows the spacecraft heading away from the sun
with a velocity component out of the ecliptic plane. In water sailing
terminology, the spacecraft is running before the sunlight photon
stream. The heavy solid line normal to S represents the  at sail.
The solid vertical line shown is normal to the direction of the sun,
and the sail acceleration vector S must point to the right of this
line because the sun lies to the left. The dashed line is normal to
the velocity vector v. For the sail acceleration to cause an increase
in the orbital energy, the component of S along v must be positive
[Eq. (6)]. The direction of S shown provides a positive component
of sail acceleration along the velocity vector.
One might think that aligning the sail acceleration vector with
the velocity vector would maximize the amount of sail acceleration
alongthe velocity,but the geometryshown in Fig. 2 actuallyprovides
a larger component of S along v. This is because the magnitude of S
decreases as the square of the cosine of the angle it makes with the
ecliptic plane and is, therefore, fairly constant for small variations
out of the ecliptic. The component of S along v, however, varies
as the cosine of the angle between them. Thus, the component of
S along v is maximized by having S closer to the ecliptic plane
than v, as shown in Fig. 2. The optimal orientation is derived in the
Appendix.
Figure 3 shows the spacecraft heading toward the sun with a velocity component out of the ecliptic plane. Here the spacecraft is
tacking into the sunlight photon stream. Even though the spacecraft
is heading toward the sun, the sail can be oriented so that there is a

where the angle Ã .t / in the rotation matrix in Eq. (32) is the celestial
longitude of the sun, that is, the angle between the negative ® axis
and the x axis (Fig. 1). When a circular orbit is assumed for the
Earth, this angle varies according to
Ã.t / D !e t C Ã0

(33)

where !e is the (constant) orbital angular velocity of the earth about
the sun and Ã0 is the initial celestial longitude of the sun. The
velocity component vz (normal to the ecliptic plane) is the same in
both the ®¯ Z and X Y Z frames and is given by Eq. (31c).
The procedure for calculatingthe disturbing accelerationcomponents 1r , 1t , and 1h for use in the equations of motion (20– 25)
can be summarized as follows:
1) With use of the current values of the modi ed equinoctial elements f p; f; g; h; k; Lg at the current time t , calculate the Cartesian
components r x , r y , and r z of position and vx , v y , and vz of velocity
using Eqs. (29– 31).
2) Calculate the ®¯ components of velocity v® and v¯ using
Eq. (32).

Fig. 2 Geometry normal to ecliptic plane with motion away from sun.

Fig. 3 Geometry normal to ecliptic plane with motion toward sun.
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ecliptic plane by an angle of 23 deg (a rounded value of the obliquity
of the ecliptic). The plane of the GTO is inclined with respect to
the equatorial plane by 7 deg, with the apogee at local noon, as
shown. Therefore the plane of the GTO is inclined with respect to
the ecliptic at winter solstice by 16 deg, as shown.
Figure 6 shows the geometryfor a deploymentat summer solstice.
The plane of the GTO is inclined with respect to the equatorial plane
by 7 deg, with the apogee at local noon, as shown. Therefore, the
plane of the GTO is inclined with respect to the ecliptic at summer
solstice by 30 deg, as shown. Table 1 shows the classical orbital
elements for these two sets of initial conditions and 1 distance unit
(DU) D 6378 km.
Four values of sail acceleration are compared: 0.32, 0.43. 0.70,
and 0.93 mm/s2 . The times required to achieve escape energy are
shown in Table 2. In all cases, escape occurs, with the escape times
ranging from approximately 4 to 11 months for the levels of sail
accelerations considered. As seen, the solar gravitational perturbation effect is small (maximum less than 4%), with no apparent trend

positive component of S along v, as shown in Fig. 3. To achieve this,
the sail acceleration must have a very large out-of-ecliptic component, as shown, so that the sail force clock angle is equal to that of
the velocity vector, as required by Eq. (26c).
Figure 4 displays the geometry of S and v in the ecliptic plane.
As can be seen, the sail accelerationhas a positive component along
the velocity vector at all points on the orbit except at the point where
the velocity vector points directly toward the sun (at the very top
of the orbit in Fig. 4). At that point, the best that can be done is to
direct the sail acceleration normal to the velocity vector (and the
sun direction) resulting in the instantaneous orbital energy rate due
to the sail being zero. Any other sail orientation would provide a
negative orbital energy rate. This is the only point in the orbit at
which the sail is feathered.
The sail acceleration direction shown can be explained using
Eq. (A3) of the Appendix, which indicates that the orbital energy
rate has the same algebraic sign as
nT v D n ® v® C n ¯ v¯ C n z vz

(36)

Because the sail acceleration S (and, hence, the sail normal n) must
be directed away from the sun, n ® < 0. To maintain a positive orbital
energy rate, n ¯ must have the same sign as v¯ and n z the same sign as
vz . In addition, when v® is positive (upper half of the orbit in Fig. 4),
the magnitude of n ¯ becomes large to offset the negative value of
n ® v® in Eq. (36). By contrast, when v® is negative (lower half of
orbit in Fig. 4), the value of n ® v® is positive, and the magnitude
of n ¯ becomes small, allowing the sail acceleration to be directed
primarily along the velocity vector. This provides a large rate of
increase of the orbital energy due to the sail.

Numerical Results
Fig. 4 Directions of velocity vectors and sail accelerations in the ecliptic plane.

The sail acceleration control algorithm described is incorporated
into the equations of motion (20– 25). These equations are numerically integrated using the package ODE.43 This package uses a modi ed difference form of the Adams predictor– corrector integration
formulas with local extrapolation.The integrationwas performed in
double precision on an IBM RS/6000 J30 with absolute and relative
errors of 10¡12 .
The initial orbit is taken to be a geosynchronous transfer orbit
based on a standard Ariane 5 GTO. The initial perigee altitude is
600 km, the apogee occurs at local noon, and the inclination with
respectto the equatoris 7 deg.Two startingdates were used: northern
hemispheresummer solsticeand winter solstice.The referenceplane
used is the ecliptic.
Figure 5 shows the geometry for a deployment at winter solstice.
The equatorial plane of the Earth is inclined with respect to the
Table 1
Initial orbital elements

Fig. 5

Orbital geometry for winter solstice deployment.

Initial orbital elements
Winter solstice

Summer solstice

3.852
0.716
16
180
270
0

3.852
0.716
30
180
90
0

a, DU
e
i , deg
Ä, deg
!, deg
f , deg

Fig. 6

Table 2
Sail
acceleration,
mm/s2
0.32
0.32
0.43
0.43
0.70
0.70
0.93
0.93

Orbital geometry for summer solstice deployment.

Times to escape

Time of year
for deployment
(solstice)

Time to escape
with solar
gravity, days

Time to escape
no solar
gravity, days

Summer
Winter
Summer
Winter
Summer
Winter
Summer
Winter

328
325
264
252
167
168
117
122

339
327
259
258
163
162
119
120

Effect of solar
gravity on escape
time, §days
¡11
¡2
C5
¡6
C4
C6
¡2
C2
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independentof the time of year of deploymentand the effect of solar
gravitational perturbation.
The escape trajectories determined are known to be nearminimum-time trajectories for the order of magnitude of sail acceleration considered. They utilize a simple sail orientation control
strategy and illustrate the feasibility of Earth escape using a solar
sail.

Appendix: Optimal Sail Angles
In the Appendix, the control law that maximizes the component
of the sail acceleration along the instantaneous velocity vector is
derived. In the rotating ®¯ Z coordinate frame shown in Fig. 1, the
unit normal to the sail n has components
Fig. 7

n T D [n ®

Time history of the angle Á on the  rst orbit.

n¯

nz ]

(A1)

Note that n ® < 0 so that the sail force points away from the sun.
The sail acceleration can be represented as in Eq. (1),
O 2n
S D S0 .nT ®/

(A2)

To orient the sail to maximize the component of the sail acceleration along the velocity vector, one seeks to maximize ST v. When
Eq. (A2) is used,
O 2 nT v
ST v D S0 .nT ®/

(A3)

The optimal sail orientation problem can then be posed as a constrained parameter optimization problem, namely, to maximize
H D S0 .®
O T n/2 v T n C ¸.n T n ¡ 1/
Fig. 8

where ¸ is a Lagrange multiplier to adjoin the constraint that the
vector n is a unit vector.
The  rst-order necessary condition for a maximum of H is given
by

Time history of the angle µ on the  rst orbit.

for increasing or decreasing the escape time. The effect of different
time of year of deployment is similarly small.
Sail angles over the  rst orbit are shown in Figs. 7 and 8. The sail
angle Á (in the ecliptic plane as shown in Fig. 4) is calculated using
¡1

Á D tan .n ¯ =n ® /

(37)

Figure 7 displays the sail angle Á in degrees for the i D 16 deg (with
respect to the ecliptic) winter deployment. Note that, at the point
where the spacecraft is heading directly toward the sun, the angle Á
rapidly changes from a large positive value to a large negativevalue.
This value is less than 90 deg because there is also an out-of-ecliptic
component of sail acceleration.
Figure 8 displays the sail angle µ (out of the ecliptic plane) as
shown in Fig. 3 and calculated using
µ D sin¡1 .n z /

(A4)

@H
D 0T
@n

(A5)

O T n/.v T n/®
O C S0 .®
O T n/2 v C ¸n D 0
2S0 .®

(A6)

which yields

with components in the ®¯ Z coordinate frame,
O T D [1
®

0

0];

O T n D n® < 0
®

(A7)

Equation (A6) represents three scalar equations in the ®¯ Z
frame,
2S0 n ® .n ® v® C n ¯ v¯ C n z vz / C S0 n 2® v® C ¸n ® D 0 (A8a)

(38)

S0 n 2® v¯ C ¸n ¯ D 0

(A8b)

Near the point in the orbit where the spacecraft is heading directly
toward the sun, the control algorithm prescribes a large value of
µ (sail angle out of the ecliptic plane) because 1) the sail is close
to feathered (n ® ¼ 0) and 2) the value of n ¯ is small because the
value of v¯ is small [Eqs. (26b) and (27)]. Therefore, the value of
n z is close to 1. However, the magnitude of the sail acceleration in
this situation is relatively small, and constrainingthe angle µ should
produce only small degradation in performance.

S0 n 2® vz C ¸n z D 0

(A8c)

Conclusions
An ef cient algorithm has been derived and implemented to continuously orient the sail in three dimensions to maximize the instantaneous rate of change of the total orbital energy. When started in
a GTO, escape trajectories of several months duration are successfully obtained for several sail acceleration magnitudes. Modi ed
equinoctial elements provide a convenient means of handling the
transition from elliptic to hyperbolic orbits. The time to escape is
highly dependent on the sail acceleration magnitude but relatively

When Eqs. (A8b) and (A8c) are solved for ¸,

¯

¯

¸ D ¡S0 n 2® v¯ n ¯ D ¡S0 n 2® vz n z

(A9)

Thus, if n ® 6D 0 (the sail is not feathered),
n z =n ¯ D vz =v¯

(A10)

Equation(A10) indicatesthat the ratio of the sail normal components
in the plane of sky of the sun (the ¯–Z plane) must be equal to the
ratio of the correspondingvelocity components. In other words, the
optimal clock angle of the sail force is equal to the clock angle of
the velocity vector.
From Eq. (A8a), either n ® D 0 (the sail is feathered),or one divides
by by 3S0 n 2® and uses Eq. (A9) to obtain
3v® C 2.n ¯ =n ® /v¯ C 2.n z =n ® /vz ¡ .n ® =n ¯ /v ¯ D 0

(A11)
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However, when Eq. (A10) is used,
(A12)

n z =n ® D .n z =n ¯ /.n ¯ =n ® / D .v z =v¯ /.n ¯ =n ® /
If one de nes

(A13)

» ´ n ¯ =n ®
and multiplies Eq. (A11) by » v¯ , the result is
3» v® v¯ C 2» 2 v¯2 C 2» 2 vz2 ¡ v¯ D 0

(A14)

Collecting terms, one has a quadratic equation in » ,

¡

¢

2 v¯2 C vz2 » 2 C 3v® v¯ » ¡ v¯2 D 0

(A15)

which has solutions

q
¡

»D

¡

9v®2 C 8 v¯2 C vz2

¡3v® v¯ § v¯

4 v¯2 C vz2

¢
(A16)

¢

To resolve the § sign, one needs to determine which sign maximizes the dot product of the sail acceleration and the velocity given
in Eq. (A3). First rewrite Eq. (A3) as
S T v D S0 n 2® .n ® v® C n ¯ v¯ C n z vz /

(A17)

and divide by S0 n 3® and use Eqs. (A10) and (A13) to yield

¡

ST v
S0 n 3®

¡
¢ D v® C »

v¯2 C vz2

¢
(A18)

v¯

However, from Eq. (A16),

¡

» v¯2 C vz2

¢¯

q
v¯ D ¡ 34 v® §

1
4

¡

9v®2 C 8 v¯2 C vz2

¢

(A19)

Substituting Eq. (A19) into Eq. (A18) yields

¡

ST v
S0 n 3®

1
4

¢ D v® §

1
4

q

¡

9v®2 C 8 v¯2 C vz2

¢

(A20)

and because n ® < 0, the left-hand side of Eq. (A20) is minimized
(ST v is maximized) if the minus sign is used. This choice of sign in
Eq. (27) guarantees that a maximum of ST v is achieved.
Using the result in Eq. (A10) and the de nition in Eq. (A13), and
the constraint that n is a unit vector,
n 2® C n 2¯ C n 2z D 1

(A21)

one determines the following expressions for the required components of n:

.q
n ® D §v¯

¡

v¯2 C » 2 v¯2 C vz2

¢

(A22a)

n¯ D » n®

(A22b)

n z D .vz =v¯ /n ¯

(A22c)

where the § sign in Eq. (22a) must be chosen so that n ® < 0, that is,
the sign is negative if v¯ is positive and vice versa. This is accomplished by writing the numerator as ¡jv¯ j, as is done in Eq. (26a)
in the main text.
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