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Chapter 8 Continuous-Thrust Orbit Transfer

8.1 Introduction

In addition to high-thrust rocket engines discussed in Chapter 6, there are also low-thrust
rockets. In a low-thrust engine the thrust acceleration (thrust per unit mass) acting on the
spacecraft is significantly less than the local gravitational acceleration. This is in sharp
contrast to the high-thrust impulsive thrust approximation discussed in Section 6.2.

Because the thrust level is so low, during an orbit transfer the engine is either on
continuously or on for extended periods of time. This is necessary in order to make sig-
nificant changes in the orbit. For this reason these engines are often called continuous-
thrust engines. So the distinction is high vs. low and impulsive vs. continuous thrust.

Low-thrust engines are very different physically from high-thrust engines. The
most common type of high-thrust engine is a chemical engine in which a propellant com-
posed of fuel and oxidizer is burned. The products of this combustion are high pressure
gases that are expelled through a nozzle to provide thrust.

By contrast, an example low-thrust engine is an ion (electric) engine, in which
thrust is generated by accelerating charged particles out a nozzle using a magnet. The
power to run this type of engine comes from a separate source, such as a radioisotope
generator or solar panels.

As discussed in Section 6.2 the thrust of a rocket engine is equal to the product bc,
where b is the mass flow rate and c is the exhaust velocity. As mentioned in Section 6.3
the Isp of a chemical rocket is in the 200ï500 s range, whereas the value for a low-thrust
rocket is much larger, of the order of 104 s. But because the mass flow rate for a low-
thrust rocket is several orders of magnitude less than that of a chemical rocket, the thrust
acceleration is several orders of magnitude less than the local gravitational acceleration.
One obvious result of this is that a low-thrust engine cannot be used to launch a space-
craft off the surface of the Earth or any other large celestial body.

Compared to impulsive orbit transfer, continuous-thrust transfers have longer trans-
fer times because, unlike a Hohmann transfer, the spacecraft spirals out from the initial
orbit to the final orbit, making many rev olutions of the central body. But continuous-
thrust transfers also can deliver larger payloads, because the lower mass flow rate means
that less mass is expelled out the nozzle compared to the considerable propellant mass
required for a chemical rocket, as discussed in Section 6.5.

8.2 Equation of Motion
Rewriting Eq. (6.5) by inserting gravity as the external force and dividing by the

spacecraft mass:

r̈ = g(r) + KK(t) (8.1)
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where g(r) and KK(t) are the gravitational acceleration and thrust acceleration vectors. with
K = bc/m.

By contrast with impulsive thrust both the thrust acceleration magnitude and direc-
tion are continuous or piece-wise continuous functions of time. (If the engine switches
from on to off or vice-versa, the thrust magnitude is discontinuous). The problem of
determining the functions of time for thrust magnitude and direction that minimize pro-
pellant consumption while satisfying specified boundary conditions is a very complicated
one, and we will not attempt to provide a thorough analysis here. [8.1] provides a discus-
sion of the theory and applications of various aspects of the problem and cites many ref-
erences.

8.3 Propellant Consumption
In Section 6.3 it was shown that the propellant consumption for an impulsive thrust tra-
jectory is measured by the sum of the magnitudes of the instantaneous velocity changes.
Obviously, for low-thrust engines a much different measure is required. But, in a manner
analogous to impulsive transfer, the propellant consumption will be measured indirectly,
without dealing explicitly with the mass.

There are two types of low-thrust engines: constant-specific-impulse (CSI) and
variable-specific-impulse (VSI), also called power-limited (PL) engines. The CSI cate-
gory includes both high-thrust and low-thrust engines. The mass flow rate b can be var-
ied but is limited by a maximum value bmax. For this reason the type of engine is also
called a thrust-limited engine with 0 ) K  ) Kmax. The high-thrust engine capable of pro-
viding impulses discussed in Chapter 6 is a CSI engine having unbounded thrust magni-
tude (Kmax A').

In the VSI category are low-thrust engines that need a separate power source to run
the engine. For these engines the power for the engine is limited by a maximum value
Pmax, but the specific impulse can be varied over a range of values.

Let’s now derive expressions for the propellant consumption of these engines. The
CSI and VSI expressions will be different. As before, the propellant consumed is directly
related to the final mass of the spacecraft, with larger final mass indicating less propellant
consumed.

Starting with

ṁ = < b =
< mK

c
(8.2)

then
dm
m

= <
K
c

dt (8.3)

For the CSI case the exhaust velocity c is constant and Eq. (8.3) can be integrated to yield
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0 K dt (8.4)
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or

c ln £
¤

mo

m f

¥
¦

=

t f

to

0 K dt > JCSI (8.5)

JCSI is called the characteristic velocity of the trajectory or the 6v and it is clear
from Eq. (8.5) that a larger value of m f (less propellant consumed) is represented by a
smaller value of JCSI . So a minimum-fuel trajectory is obtained by minimizing JCSI .

In the impulsive thrust approximation for an unbounded thrust (Kmax A') the
thrust acceleration is represented by

K(t) =
n

k=1
Y6vkb (t < tk) (8.6)

with t1 < t2 < . . . < tn representing the times of the n thrust impulses (See Sections
6.1ï6.3). Using the definition of a unit impulse described in Section 6.2:

t+
k

t<k
0 b (t < tk) dt = 1 (8.7)

with t±
k > lim ¡ A 0 (tk ± ¡ ) ; ¡ > 0.
Using Eq. (8.6) in Eq. (8.5):

JCSI =

t

to

0 K dt =
n

k=1
Y 6vk (8.8)

and the propellant consumed is given by the sum of the magnitudes of the velocity
changes, as discussed in Section 6.3.

The propellant consumed for the VSI case is obtained in a different way. The
exhaust power (stream or beam power) is half the product of the thrust and the exhaust
velocity:

P = 1
2 Tc = 1

2 mKc = 1
2 bc2 (8.9)

Using this along with
b

m2 =
< ṁ
m2 =

d
dt

(1
m

) (8.10)

results in

d
dt

(
1
m

) =
K2

2P
(8.11)

which integrates to
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1
m f

<
1

mo
=

1
2

t f

to

0
K2

P
dt (8.12)

Maximizing m f for a given value of mo regardless of whether K is optimal or not is
obtained by running the engine at maximum power P = Pmax. This is not as obvious as it
looks in Eq. (8.12), because the value of K might be different for different values of P.
To see that the engine should be run at maximum power note that for a specified trajec-
tory r(t) the required vector thrust acceleration is given by Eq. (8.1) as

KK(t) = r̈(t) < g[r(t)] (8.13)

Thus, for a given trajectory r(t) (optimal or not), the final mass in Eq. (8.12) is maxi-
mized by running the engine at maximum power. For this reason the VSI propellant con-
sumption can be taken to be

JVSI = 1
2

t f

to

0 K2 dt (8.14)

To summarize, the propellant consumption for the two classes o flow-thrust engines
are given by

JCSI =

t f

to

0 K dt (8.5)

and

JVSI = 1
2

t f

to

0 K2 dt (8.14)

8.4 Quasi-Circular Orbit Transfer
Several authors have presented simplified or approximate ways of determining continu-
ous-thrust trajectories. Wiesel [8.2] provides an approximate analysis of circle-to-circle
coplanar orbit transfer using very low continuous thrust. The total orbital energy per unit
mass in the two-body problem is given in Eq. (1.52) as

¡ = <
µ

2a
(8.15)

Taking the time derivative

¡̇ =
µ

2a2 ȧ (8.16)

Due to a thrust acceleration KK, the rate of energy change can be written as

¡̇ = KK u v (8.17)



-5-

(To see why this is true, recall that the work done by a force is dW = F u dr, and so the
rate that work is done (the rate of energy change) is Ẇ = F u v). Because we are using
energy per unit mass KK = F/m appears in Eq. (8.17).

Assuming a transfer from a lower to higher orbit, an increase in the orbital energy
is required. For a constant mass flow rate, minimizing the transfer time will minimize the
amount of propellant required. From Eq. (8.17) it can be seen that the way to maximize
the instantaneous rate of increase of the energy is to align the thrust acceleration vector KK
with the velocity vector v. (Actually, this does not yield the true minimum-time transfer
between specified energy levels, especially for very low values of thrust acceleration.)

For a low thrust, the orbit remains nearly circular of instantaneous radius a (this is
the approximation) and the velocity is given by

v = £
¤

µ

a
¥
¦

1/2

(8.18)

With the thrust acceleration vector aligned with the velocity vector, Eqs. (8.16), (8.17)
and (8.18) can be combined to yield:

¡̇ =
µ

2a2 ȧ = K£
¤

µ

a
¥
¦

1/2

(8.19)

or,

ȧ = 2
K

µ1/2 a3/2 (8.20)

For a constant value of K one can then write
a

ao

0 a<3/2da = 2
K

µ1/2

t

to

0 dt (8.21)

Assuming a > ao,

ao
<1/2 < a<1/2 =

K
µ1/2 (t < to) (8.22)

So, letting to = 0, the time required to transfer between circular orbits of radii ao and
a f > ao is given by

t f =
µ1/2

K
(a<1/2

o < a<1/2
f ) (8.23)

The total 6v required can be computed using the circular orbit condition of Eq.
(8.18):

v2 =
µ

a
(8.24)

Differentiating and using Eq. (8.20),
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2v ̇v = < µ
ȧ
a2 = <

µ

a2
2

µ1/2 a3/2K = < 2£
¤

µ

a
¥
¦

1/2

K

Again using Eq. (8.20):

v̇ = < K (8.25)

that is, the spacecraft slows down linearly in time as local circular speed is maintained.
So the 6v is calculated as

6v = vo < v f = Kt f = £
¤

µ

ao

¥
¦

1/2

< £
¤

µ

a f

¥
¦

1/2

(8.26)

and is, interestingly, independent of the thrust acceleration K (but it still must be small in
order for the approximations used to be valid), and is simply equal to the difference in the
terminal circular orbit speeds.

Example 8.1
Consider a continuous-thrust transfer from low earth orbit (LEO) to geosyn-

chronous earth orbit (GEO). Assuming a 278-km altitude LEO, the terminal orbit radii
are ao = 6656 km and a f = 42166 km. From Eq. (8.26) 6v = 4.664 km/s compared to
the (two-impulse) coplanar Hohmann transfer value 6vH = 3.90 km/s. (The higher value
for the low-thrust transfer is due to the gravity loss incurred by continuous thrusting.)

Assuming a realistic value for K of a "milligee" or 10<3g (where 1 g = 9.80665
m/s2 ) for a low-thrust engine, such as an ion engine, then K is about 10<2 m/ s2 or 10<5

km/ s2. From Eq. (8.26) one determines t f to be 466393 s = 5.40 days. By contrast the
Hohmann transfer time is the much smaller 5.27 hours.

So far we have seen that the low-thrust transfer has a higher 6v and a much longer
transfer time than the Hohmann transfer. So why even consider using a low-thrust trans-
fer? As we will see, the answer lies in the savings in propellant required (and the resultant
increase in the payload mass delivered to the final orbit).

A realistic value for specific impulse for an ion engine is 5000 s, which corre-
sponds to an exhaust velocity c of about 50,000 m/s or 50 km/s. Recall that

K = bc/m (8.27)

and our assumption that K is constant implies that the mass is assumed to be constant.
(That’s not really true, but we’ll fix it later.) Let the value be mo = 1000 kg.

From Eq. (8.27) we can determine the mass flow rate to be b = 2 × 10<4 kg/s. And,
using the transfer time of 5.40 days computed above, the propellant consumed is
m p = bt f = 93.28 kg. For a Hohmann transfer using a high-thrust chemical engine a real-
istic value of specific impulse is Isp = 300 s. Based on that value and the 6v of 3.90 km/s,
the mass of propellant required is 730.5 kg, which is 637.22 kg more than the low-thrust
requirement! So, out of the 1000 kg in LEO the continuous-thrust transfer can deliver
906.72 kg to GEO, compared with 269.5 kg for the Hohmann transfer. That’s a dramatic
increase of 236% that may well be worth the additional transfer time.
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8.5 The Effects of Non-Constant Mass Now, let’s go back and include the effect of a
non-constant mass on the continuous-thrust transfer. Both the propellant mass and the
transfer time will be different. We can calculate these values easily, using known results
from Eq. (6.9), the solution to the rocket equation (that accounts for the change in mass:

m p = mo(1 < e<6v/c) (6.9)

one determines the propellant mass m p = 89.06 kg, which is less than the value of 93.28
kg when a constant mass is assumed. This results in an additional 4.22 kg of final mass.
That’s almost 10 more pounds!

Based on Eq. (6.9) and the fact that m p = bt f one determines that t f = 5.15 days,
about 6 hours less than the constant-mass value, due to the increased value of K.

In summary, for a LEO to GEO transfer the good news is that the final mass using
the continuous-thrust transfer and accounting for the mass change is about 3.4 times that
of the Hohmann transfer. The bad news is that the transfer time is much longer. But for
cargo the additional final mass may be well worth it.

Continuous-thrust transfers have similar advantages for interplanetary applications.

8.6 Optimal Quasi-Circular Orbit Transfer
Consider the more complicated case of optimal (minimum-propellant) circle-to-inclined-
circle transfer. Kechichian [8.3] reformulated and extended an analysis of Edelbaum
[8.4], [8.5] to determine an optimal transfer between non-coplanar circular orbits. A low
thrust is assumed and a quasi-circular approximation is made. A constant thrust accelera-
tion K is assumed, so a minimum-time solution is also a minimum-propellant solution.

The Gaussian form of the Lagrange planetary equations (Section 9.2) for near-cir-
cular orbits is used with the thrust acceleration K being the small perturbing acceleration.
By averaging over the fast variable (true anomaly) Edelbaum derives two equations:

di
dt

=
2K sin `

/ v
(8.28)

dv
dt

= < K cos ` (8.29)

where i is the orbital inclination, v is the scalar orbital velocity, and ` is the (out-of-
plane) thrust yaw angle. The value of ` is assumed to be piecewise constant for each rev-
olution, switching sign at the orbital antinodes.

The minimum-time solution is determined for a transfer from initial conditions
(io, vo ) to specified final conditions (i f , v f ), where vo and v f are the circular orbit veloci-
ties in the specified initial and final circular orbits, equal to (µ/ao)1/2 and (µ/a f )1/2.

The velocity on the minimum-time transfer orbit is determined in [8.3] using opti-
mal control theory to be:

v(t) = (v2
o < 2voKt cos ` o + K2t2)1/2 (8.30)

where
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tan ` o =
sin[(/ /2)6i f ]

(vo/v f ) < cos[(/ /2)6i f ]
(8.18)

with 6i f = |io < i f |. Note that if i f > io, i(t) = io + 6i(t) and if i f < io, i(t) = io < 6i(t),
where

6i(t) =
2
/

�
³
�
tan<1 £

¤
Kt < vo cos ` o

vo sin ` o

¥
¦

+
/

2
< ` o

�
µ
�

(8.32)

Also,

tan ` (t) =
vo sin ` o

vo cos ` o < Kt
(8.33)

and

6v = {v2
o < 2v f vo cos[(/ /2)6i f ] + v2

f }1/2 (8.34)

The fact that this solution actually minimizes the transfer time, rather than provid-
ing only a stationary value, is demonstrated in [8.6] using second-order conditions.

The computational algorithm is as follows: Given the gravitational constant µ, the
terminal orbit radii ao and a f , the total inclination change desired 6i f , and the low-
thrust acceleration K, first determine the terminal orbit velocities vo and v f . Then deter-
mine 6v from Eq. (8.34) and the transfer time t f = 6v/K.

To determine the time histories v(t), 6i(t), and ` (t) first determine ` o from Eq.
(8.31) and then v(t) from Eq. (8.30), 6i(t) from Eq. (8.32), and ` (t) from Eq. (8.33).

8.7 Constant Radial Thrust Acceleration
In 1953 Tsien [8.7] analyzed escape from circular orbit in the two-body problem using
constant radial or circumferential thrust acceleration. More recent results for the radial
case have been presented by Battin [8.8] and Boltz [8.9] for a slightly different thrust
model. The analysis presented in this section is that of Prussing and Coverstone-Carroll
[8.10] which provides more analytical results and a novel application.

No approximation requiring very low thrust is used. The approach presented here
uses the concept of a potential well to determine 1) under what conditions escape will
occur, and 2) a closed-form expression for the amplitude of the radial oscillation if escape
does not occur. In addition, the concept of using a constant radial thrust acceleration to
shift the period of a circular orbit of specified radius (or shift the radius for specified
period) is introduced and analyzed.

A constant radial thrust acceleration Kr can be included in the two-body problem
by simply adding a term to the potential energy of Eq. (1.48)as follows:

V (r) = < µ/r < Kr r (8.35)

The second term above represents the constant radial thrust acceleration, because the neg-
ative of the gradient of V is the total applied acceleration. The Lagrangian of the system
is



-9-

L = T < V = 1
2 [ṙ2 + (rė )2] + µ/r + Kr r (8.36)

Lagrange’s equations then yield the results that

r̈ < rė 2 = < µ/r2 + Kr (8.37)

along with two integrals of the motion. The first of these is due to the fact e is an ignor-
able coordinate (,L/,e = 0 in Eq. (8.36)), which yields

,L
,ė

= r2ė = constant > h (8.38)

where h is the angular momentum per unit mass. It is conserved because both the gravi-
tational acceleration and the thrust acceleration are radial and apply no moment to the
system.

The second integral of the motion is the Jacobi integral H , which is constant
because ,L/,t = 0. Because the kinetic energy term in Eq. (8.36) is a homogeneous qua-
dratic function of the generalized velocities ṙ and ė , the Jacobi integral is equal to the
total energy of the system:

H = T + V = 1
2 [ṙ2 + (rė )2] < µ/r < Kr r = constant (8.39)

If Eq. (8.38) is used to eliminate the variable ė in Eq. (8.39) the result is

H = 1
2 ṙ2 + h2/ 2r2 < µ/r < arr = constant (8.40)

It can be seen from Eq. (8.40) that the problem has been reduced to an equivalent one-
dimensional (radial) one with a kinetic energy

Tr = 1
2 ṙ2 (8.41)

and a potential energy function

Vr = h2/ 2r2 < µ/r < Kr r (8.42)

which can be interpreted as representing a nonlinear radial spring.
The value of the constant Jacobi integral H is determined by initial conditions. If

the spacecraft is initially in a circular orbit of radius ro,

h2 = µro (8.43)

and Eq. (8.42) becomes

Vr = µro/ 2r2 < µ/r < Kr r (8.44)

along with (because Tr (ro) = 0 )

H = Vr (ro) = < µ/ 2ro < Kr ro (8.45)

If Eqs. (8.43) and (8.45) are combined with Eq. (8.40) the result is identical with
Eq. (8.94) of [8.8]. However the interpretation and use of this information here is differ-
ent. The problem of escaping the center of attraction starting in a circular orbit will be
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analyzed in terms of escaping a potential energy well.
Figure 8.1 shows a general case of a potential well. The kinetic energy Tr is shown

as the difference between the constant total energy H and the potential energy function
Vr (r). For the function shown, the spacecraft (starting at the initial circular radius ro)
will be trapped in the well defined by ro ) r ) R, with the endpoints characterized by the
radial kinetic energy being zero. The fact that the slope Vr v(ro) < 0 implies that the initial
radial force is positive (because the force is equal to < Vr v), forcing the spacecraft to
larger radius. The fact that Vr v(R) > 0  implies that the force at maximum radius is neg-
ative, forcing the spacecraft back to smaller values of the radius. These restoring forces
at the ends of the well result in a radial oscillation.

As is evident in Eq. (8.44) the shape of the potential energy function depends
strongly on the value of the radial thrust acceleration Kr , as does the value of the Jacobi
integral in Eq. (8.45). As will be shown, for a sufficiently large value of Kr escape will
occur, but for smaller values the spacecraft will oscillate in a potential well. Characteris-
tic of a nonlinear oscillator, the period is a function of the amplitude and is analyzed in
detail in [8.8].

To examine different values of radial thrust acceleration it is convenient to define a
nondimensional variable _ that is equal to the ratio of the radial thrust acceleration to the
inverse-square gravitational acceleration at the initial circular orbit radius ro:

_ >
Kr r2

o

µ
(8.46)

The uppermost curve in Fig. 8.2 shows the potential function Vr (r) of Eq. (8.42)
for a value of _ corresponding to the numerical results reported in [8.8], namely _ =
1/9.68 = 0.103306 (corresponding to ` = (8_ )<

1
2 = 1.1 in the notation of [8.8]. The

numerically integrated orbit spirals out to a radius of 1.41183335 ro, then spirals back in
to its initial radius ro and continues to oscillate. This is consistent with the uppermost
curve in Fig. 8.2, which shows the corresponding limits on the potential energy well,
defined by the two left-most intersections of the potential energy function with the hori-
zontal solid line, representing the constant value H of the total energy for that value of _.
The two other potential functions shown in Fig. 8.2 are for larger values of _, and will be
discussed later.

Several important properties of the potential function Vr (r) are helpful in the analy-
sis. From Eq. (8.44) it is evident that

,Vr

,Kr
= < r < 0  (8.47)

indicating that the value of Vr decreases with increasing Kr , by an amount proportional to
the value of r. Other important properties are evident from Eq. (8.44), namely that

Vr A + ' in the limit as r A 0 (8.48)

and (for Kr > 0)

Vr A < ' in the limit as r A + ' (8.49)
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(For Kr < 0, Vr A + ', indicating that escape is impossible.)
Another important property of Vr is its curvature

Vr vv > d2Vr /dr2 = µ (3ro < 2r)/r4 (8.50)

which changes sign at r = 1. 5 ro with

Vr vv > 0  if r < 1. 5 ro (8.51a)

Vr vv < 0  if r > 1. 5 ro (8.51b)

This property is evident for all three of the potential functions shown in Fig. 8.2.
Escape will occur if the value of Kr is large enough that the maximum value of Vr

for r > ro is less than H . The critical value of Kr is determined by setting Vr equal to H
and requiring Vr v to be zero. From Equations (8.44) and (8.45) a cubic equation can be
written in terms of _ and j > r/ro as

2_j 3 < (2_ + 1)j 2 + 2j < 1 = 0 (8.52)

and the condition Vr v = 0 yields

_j 3 < j + 1 = 0 (8.53)

Solving Eq. (8.53) for _ and substituting into Eq. (8.52) yields

j 3 < 4j 2 + 5j < 2 = 0 (8.54)

One root of Eq. (8.54) is j = 2 (r = 2ro) which yields the critical value _ cr = 1/ 8
in Eq. (8.53). The other two roots are equal and given by j = 1, corresponding to
_ = Kr = 0, representing no thrust. (j = 1 with no thrust corresponds to the initial circu-
lar orbit, for which the potential function has a global minimum.)

The condition for escape to occur is then simply

_ > _ cr = 1/ 8 = 0. 125 (8.55)

in agreement with [8.7] and [8.8].
Escape occurs when the total orbital energy (without the thrust term in the potential

energy) reaches the value zero. From Eq. (8.40) this occurs at the value re of the radius
where

H = 0 < Kr re (8.56)

Using Eq. (8.45) for the value of H , the value of re is determined to be

re = ro (1 +
1

2_
) (8.57)

in agreement with Eq. (8.95) of [8.8]. For the escape condition _ > 1/8, Eq. (8.57) yields
re < 5ro.

The middle curve in Fig. 8.2 shows the potential function Vr for the critical value
_ cr = 1/ 8 = 0.125. Note the upper limit on the potential well at r = 2ro, corresponding to
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the root of Eq. (8.54) discussed above. The lowermost curve in Fig. 8.2 shows the poten-
tial function for the higher (escape) value _ = 4/27 = 0. 148148 . . . for which, from Eq.
(8.53), the slope at the inflection point Vr v(1. 5ro) = 0 and no potential well exists. From
Eq. (8.57) the value of re is determined to be 4.375 ro.

For values of _ less than or equal to _ cr no escape occurs. The magnitude of the
resulting radial oscillation is given by Eq. (8.52) alone. Because Eq. (8.52) is satisfied by
j = 1 for all values of _ (as it must be) the remaining roots must satisfy

2_j 2 < j + 1 = 0 (8.58)

These roots are real for _ ) _ cr = 1/ 8 and the smaller root is equal to

j =
1 < (1 < 8_ )

1
2

4_
(8.59)

This smaller root represents the right end of the potential well for _ > 0, as seen in the
uppermost curve of Fig. 8.2. (For _ < 0 it represents the left end of the well, which is at a
radius less than ro with the right end being at ro.) Equation (8.59) provides a closed-form
expression for the amplitude of the radial oscillation. For the numerical case reported in
[8.8] and mentioned above, _ = 1/9.68 = 0.103306, for which Eq. (8.59) yields the exact
value j = 2.42 ï (1. 0164)

1
2 , which has the decimal representation 1.41183335.

For values of _ greater than _ cr the two roots of Eq. (25) are complex, indicating
escape (no potential well) as shown in the lowermost curve in Fig. 8.2.

8.8 Shifted Circular Orbits
The local minimum points of the upper two potential energy curves in Fig. 8.2 represent
the locations of stable circular orbits at radii larger than ro. This is because an outward
radial thrust acceleration has the effect of decreasing the value of the local gravitational
acceleration. An inward radial thrust (_ < 0) increases the effective value of the gravita-
tional acceleration, resulting in a stable circular orbit at a radius less than ro. The upper
two curves in Fig. 8.2 each exhibit a single local minimum at a value of r > ro. The low-
ermost curve is the limiting case where the local minimum ceases to exist.

For a circular orbit of radius rc, the orbital speed is vc = rcė c and ṙc = r̈c = 0.
Equation (8.37) then yields

v2
c =

µ

rc
< Kr rc (8.60)

The shifted circular orbit period in the presence of the radial thrust can then be deter-
mined simply as

P =
2/ rc

vc
= 2/ £

¤
r3

c

µ
¥
¦

1
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(8.61)

where Pc is the no-thrust circular orbit period at radius rc.
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From Eq. (8.61) it is evident that P > Pc if _ > 0 and P < Pc if _ < 0. This means
that for _ > 0 a shifted circular orbit of period P will have a radius smaller than the no-
thrust circular orbit with the same period.

Example 8.2
As a specific example of a shifted orbit, consider a geosynchronous orbit. Take the maxi-
mum-shift value of _ = 4/27 = 0.148148. . . corresponding to a shifted circular orbit at
rc = 1. 5 ro. (This orbit is actually unstable, so a slightly smaller value of _ would need
to be used in practice.) For P = 23.934 hrs, Eq. (8.59) yields a value of Pc = 19.542 hrs,
corresponding to a shifted circular orbit of radius of 36834 km. This is 5330 km lower
than the conventional (no-thrust) geosynchronous radius of 42164 km, but the period is
the same. In terms of orbital altitude this represents a 15% decrease. The level of con-
stant radial thrust acceleration necessary to maintain this orbit is about 0.1
m/s2 = 100 mm/s2, or approximately 10<2 g. This lower altitude geosynchronous orbit
could provide some advantages.

A similarly shifted one-year heliocentric orbit requires a much lower thrust acceler-
ation of 0.0026 m/s2 = 2. 6 mm/s2, less than 3 × 10<4g, and smaller for values of _ less
than the maximum shift value. This heliocentric application has two important aspects:
(i) the small radial outward force could be provided by a solar sail, and (ii) an earth-syn-
chronous satellite orbiting the sun between the sun and the earth could monitor and fore-
cast geomagnetic storms.
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Problems

8.1 Consider a CSI engine running at constant thrust.
a) Derive an expression for K̇ in terms of (only) the exhaust velocity c and K.
b) Show that this expression is consistent with the mass descreasing linearly in
time.

8.2 Specialize the results of Section 8.6 to the coplanar case 6i f = 0. Determine the
value of ` o and expressions for ` (t), v(t), and 6v. Compare these with expres-
sions in Section 8.4.

8.3 Consider a LEO to GEO transfer with ao = 7000 km, a f = 42, 166 km, io = 28.5°
, i f = 0° , and K = 3. 5 × 10<7km/s2,
a) Determine the values of 6v (in km/s) and t f (in days).
b) Determine the values of ` o and ` f (in degrees).
c) Which of the values in part (b) is larger and why?
d) Plot v(t), i(t), ` (t), and a(t). Hint: a = µ/v2.

8.4� Show that for arbitrary ao, a f , K, and 6i f = 1 rad (57.3°), 6v = (v2
o + v2

f )1/2,
tan ` o = v f /vo, and tan ` f = < vo/v f .

8.5� Using v2 = µ/a derive an expression for ȧ and show that if the specified plane
change is sufficiently large, the value of a will exceed its final value and then
decrease to its final value.

8.6 a) Manipulate Eq. (8.59) to yield an expression for the value of _ as a function of
the oscillation amplitude j .
b) Verify the expression for j = 2 and j = 2. 42 < (1. 0164)

1
2 .

c) Determine the value of _ for j = 1.05.

8.7 In the geosynchronous application in Example 8.2 determine the value of ro and
verify the required value of thrust acceleration.

8.8 Determine the required thrust acceleration for an earth-observing satellite orbiting
the sun at 1.1 au with a period of one year.

8.9� Plot the required radial thrust acceleration in mm/s2 as a function of _ , where
0 ) _ ) 4/27, for two applications: geocentric and heliocentric.


